Abstract. According to [3] , a real surgery of a real del Pezzo surface X R along a real sphere S is a modification of the real structure on X R in a neighborhood of S . In this paper, we study the behavior of higher genus Welschinger invariants under real surgeries, and obtain a genus decreasing formula of Welschinger invariants.
Introduction
Let (X, τ X ) be a real algebraic surface. Denote by H τ X 2 (X; Z) the space of τ X -invariant classes in H 2 (X; Z), and by H −τ X 2 (X; Z) the space of τ X -anti-invariant classes in H 2 (X; Z). S ⊂ X is called a real sphere of X if S is a sphere globally invariant under τ X . Let ∆ ⊂ C be a small disk endowed with complex conjugation, and let π : Z → ∆ be a flat real morphism from a smooth real algebraic manifold of complex dimension 3. Suppose the fiber Z τ , τ ∈ ∆ * = ∆ \ {0}, is a non-singular projective algebraic surface, and the central fiber Z 0 is a real algebraic surface with one singular point z of type A 1 (node). Suppose in addition that Z is locally given at z by the equation
and that π is locally given by π(x 1 , x 2 , x 3 , τ) = τ. There exists a real sphere S ⊂ Z τ such that Z τ and Z −τ are obtained one from the other by a modification of the real structure in a neighborhood of S when τ ∈ R∆ * . The real algebraic surface Y R = Z τ is called the real surgery of X R = Z −τ along S . We refer the readers to Section 2.1 or [13, Section 4.2] for more details, and to [3] for the symplectic case: real surgeries along real Lagrangian spheres. The class [S ] in H 2 (X; Z) is τ X -anti-invariant if and only if it is τ Y -invariant (in this case χ(RY R ) = χ(RX R ) + 2) (see [3, Section 1.3] ).
The behavior of Welschinger invariants under real surgeries has many important applications such as: the computations, the vanishing results, the positivity and asymptotic properties. ItenbergKharlamov-Shustin [13] applied the degeneration technique to study the positivity and asymptotics of Welschinger invariants of real del Pezzo surfaces of degree ≥ 2. By applying a real version of symplectic sum formula [9, 10, 15, 16] , Brugallé-Puignau [4, 5] investigated the relations of genus 0 Welschinger invariants of two real symplectic manifolds X R and Y R , where Y R is the real surgery of X R along a real Lagrangian sphere S . Through combining the relations from [5] with the technique of floor diagrams relative to a conic, E. Brugallé [2] obtained some explicit computations of Gromov-Witten invariants and Welschinger invariants of some del Pezzo surfaces. By excluding the "bad" bifurcation, E. Shustin [19] extended the definition of Welschinger invariants to higher genus case for real algebraic del Pezzo surfaces. Through adapting the proof of [19] in the strategy proposed in [22] , E. Brugallé [3] proposed a way to define the higher genus Welschinger invariants in the symplectic category. Note that except the class d and the number of conjugated pairs, genus 0 Welschinger invariants also depend on the choice of a connected component L of RX R , and of a class F ∈ H L is disjoint from the Lagrangian sphere S , and the class F is normal to [S ] , then the relations from [5] only involve genus 0 Welschinger invariants of X R and Y R . Observed this fact, E. Brugallé [3] obtained a surprisingly very simple relation among genus g Welschinger invariants of the real symplectic 4-manifolds differing by a special kind of real surgery.
The main purpose of the present paper is to provide another important observation about the higher genus Welschinger invariants of two real del Pezzo surfaces X R and Y R which are related by a real surgery. When the real sphere S ⊂ RY R , which is disjoint with a chosen subset L of g connected components of RX R , contains one real point of the real configuration x and F is normal to [S ] , there is a surprising phenomenon of decreasing genera. Namely, the Welschinger invariants W Y R ,(L ,S ),F with genus g of Y R is equal to a certain combination of Welschinger invariants W X R ,L ,F of X R with smaller genus. Note that the genus is indexed by the number of the chosen connected real components. We refer the readers to Section 2.2 or [19] for the definition of higher genus Welschinger invariants of real del Pezzo surfaces (See also [3] for the symplectic case). Theorem 1.1. Let X R , Y R be two real del Pezzo surfaces of the same degree 2 with RX ∅, RY = RX S 2 , and S be a real sphere in X R realizing a class in H
Remark 1.2. By using the definition of higher genus Welschinger invariants of symplectic 4-manifolds proposed by E. Brugallé [3] , one can prove formula (1) is also true in the symplectic case. See the Appendix for an explicit expression of Theorem 1.1 in the symplectic case. Some blow-up formulas of higher genus Welschinger invariants can also be obtained which generalize the genus 0 results [8] . Formally, [8, Theorem 1.1,Theorem 1.2,Theorem 1.4] are stated for g = 0 and connected RX. However, neither g nor the number of connected components of RX plays a role in the proof if we replace [8, Proposition 2.6] by Lemma 4.3. The readers may refer to [8] for more details. support and encouragement as well as enlightening discussions, and to Erwan Brugallé for pointing out a mistake of the first manuscript of this paper and sharing the situation of the definition of higher genus Welschinger invariants. The research is partially supported by Startup Research Fund of Zhengzhou University (No. 32210405).
2. Real surgeries and enumeration of curves 2.1. Nodal degenerations and real surgeries. In this subsection, we review the nodal degeneration of del Pezzo surfaces based on [13, Section 4.2] .
Let ∆ ⊂ C be a small disk, and let π : Z → ∆ be a holomorphic map from a smooth 3-dimensional variety. Suppose the fiber Z τ , τ ∈ ∆ * = ∆ \ {0}, is a del Pezzo surface, and the central fiber Z 0 is a surface with one singular point z of type A 1 (node). With respect to appropriate local coordinates x 1 , x 2 , x 3 at the point z, the map π is given by
, a 1 a 2 a 3 0. π is a submersion at each point of Z \ {z}. The family π : Z → ∆ is called nodal degeneration.
Make the base change τ = t 2 (resp. τ = −t 2 ), and let Z = ∆ × t 2 =π Z (resp. Y = ∆ × −t 2 =π Z). Perform the blow up Z → Z (resp. Y → Y ) at the node of the new family, and obtain a familỹ π : Z → ∆ (resp.π : Y → ∆), whose fibers Z t (resp. Y t ), t 0, are del Pezzo surfaces, and central fiber
is a smooth rational (−2)-curve in Z, and (Z, E) is a nodal del Pezzo pair (i.e. the anti-canonical class −K Z is effective, positive on all curves different from E, and If the nodal degeneration π : Z → ∆ has a real structure τ Z which lifts the standard complex conjugation, the point z is real and the map π can be represented by (2) π(
, a 1 , a 2 , a 3 ∈ R, a 1 a 2 a 3 0, with respect to appropriate real local coordinates at z. The real structure τ Z induces two real structures on the unscrewπ : Z → ∆ (resp. mirror unscrewπ : Y → ∆). The real unscrew (resp. mirror unscrew) with the real structure which covers the complex conjugation t →t is called a θ-unscrew (resp. θ-mirror unscrew), where θ is the signature of the quadratic form (2) . The quadric
The other real structure on the unscrew (resp. mirror unscrew) covers the conjugation t → −t. Letπ : Z → ∆ (resp.π : Y → ∆) be the θ-unscrew (resp. (−θ)-mirror unscrew) of a nodal degeneration π : Z → ∆. Let (Y, τ Y ) (resp. (X, τ X )) be a real del Pezzo surface which is real deformation equivalent to a real fiber Z t (resp. Y t ), t ∈ R∆ * , of the θ-unscrew (resp. (−θ)-mirror unscrew). Following the notation of real surgery along a real Lagrangian sphere introduced by E, Brugallé in [3] , the real surface (Y, τ Y ) is called a real surgery of (X, τ X ) along a real sphere S . The notation Y R S − → X R means that X R and Y R are related by a real surgery along the real sphere S and χ(RY R ) = χ(RX R ) + 2.
Example 2.1. If X R and Y R are two real del Pezzo surfaces of degree 2 with RX ∅ and RY = RX S 2 , Y R is the real surgery of X R along a real sphere. Denote by Q X , Q Y the real nonsingular quartic curves corresponding to the real del Pezzo surfaces X R , Y R of degree 2 respectively (see [13, Section 2.2] for details). Note that the real part of a real nonsingular quartic curve is isotopic in RP 2 either to the union of 0 a 4 null-homologous circles placed outside each other or to a pair of null-homologous circles placed one inside the other. In fact, the del Pezzo surfaces X R , Y R of degree 2 can be included into the following (mirror) unscrews of real nodal degenerations corresponding to nodal degenerations of quartics.
• Case X R : we degenerate the quartic Q X into a nodal quartic Q X with real part RQ X = RQ X {pt}, and choose a (−3)-mirror unscrew.
• Case Y R : we degenerate the quartic Q Y into a nodal quartic so that one of the ovals collapses to a point, and choose a 3-unscrew.
2.2.
Higher genus Welschinger invariants. Let X be a del Pezzo surface with a real structure
, where C ∈ |D| is any real curve (cf. [19] ).
A
2 (X \ L; Z/2Z), and choose a class d ∈ H 2 (X; Z) corresponding to a big and nef, L-compatible divisor class D ∈ Pic R (X) such that
Let P r,m (X, L) (where r = (r 0 , . . . , r g )) be the space of configurations consisting of r i real points in L i , i = 0, . . . , g, and m pairs of complex conjugated points in X \ RX. Choose (r, m) such that
the set of real holomorphic curves f : Σ g → X of genus g in X realizing the class d, passing through x, and such that f (RΣ g ) ⊂ L. Condition (5) implies that each L i contains a connected component of f (RΣ g ), and Σ g is a maximal real curve (i.e. RΣ g has exactly g + 1 connected components). If X is sufficiently generic in its deformation class, and x ∈ P r,m (X, L) is generic, it follows from [19, Lemma A.3] that the set C(X, d, L, x) is finite and composed of real irreducible immersed curves. Then the integer
, where m L ( f ) is the number of real isolated nodes (i.e. nodes with two τ X -conjugated branches) of f (Σ g ) in L, and Σ + g is a half of Σ g \ RΣ g .
2.3.
Relative invariants of monic log-del Pezzo pair. Let Z be a smooth rational surface which is a blow-up of CP 2 , and E ⊂ Z be a smooth rational curve. Assume (Z, E) is a monic log-del Pezzo pair i.e. −K Z is positive on all curves different from E, K Z E 0, −(K Z + E) is nef and effective, and (K Z + E) 2 = 0. The surface Z can be considered as the plane blown up at n points, n 6, on a smooth conic and at 1 point outside the conic, and E is the strict transform of the conic (see [13, Section 3 .1] for details).
An isomorphism between two algebraic maps f 1 :
Maps are always considered up to isomorphisms. Given a vector α = (α i ) 1 i<∞ ∈ Z ∞ 0 , we use the following notations:
For k ∈ Z 0 and α = (α i ) 1 i<∞ , denote kα := (kα i ) 1 i<∞ . Denote by δ i the vector in Z ∞ 0 whose all coordinates are 0 except the ith one which is equal to 1.
Let Z be the blow up of CP 2 at 6 points on a smooth conic and at 1 point outside the conic. Suppose that E is the strict transform of the conic. Denote by E i , i = 1, . . . , 6, the exceptional divisors of the blow-up at the 6 points on the conic, and by E 7 the exceptional divisor of the blow-up at the point outside the conic. Let d ∈ H 2 (Z; Z), g ∈ Z ≥0 , and α, β ∈ Z ∞ ≥0 such that (6) Iα
Choose a configuration
Suppose Z has a real structure τ Z such that RZ contains at least g + 1 connected components L 0 , . . . , L g for some g 1, and the real rational curve E has vanish real part
Choose a big and nef, L-compatible divisor class D ∈ Pic R (Z) such that
where d ∈ H 2 (Z; Z) is the homology class corresponding to the divisor class D under the natural isomorphism. Choose (r, m) such that
Choose x ∈ P r,m (Z, L), and denote by C(Z, E, d, L, x) the set of real holomorphic curves f : Σ g → Z of genus g such that f (Σ g ) realizes the class d in Z, does not contain E, contains x, and such that f (RΣ g ) ⊂ L. Condition (8) implies that each L i contains a connected component of f (RΣ g ), and Σ g is a maximal real curve. If x ∈ P r,m (Z, L) is generic, it follows from [18, Proposition 2.1] that the set C(Z, E, d, L, x) is finite and composed of real irreducible immersed curves. Then the integer (9) is an algebraic case of the relative invariant defined by [3, Theorem 3.6] . Note that if we replace [3, Lemma 3.1] by [18, Proposition 2.1], we can prove that the integer W E Z,L,F (d, r) depends neither on x, nor on the deformation class of (Z, d, L, E, F) similarly to [3, Theorem 3.6] . For the convenience of the readers, we recall two theorems which play a key role in the proof of [3, Theorem 3.6] in our situation.
Suppose that X R and Y R are two real del Pezzo surfaces of degree 2 and
Using the convention −1 0 = 0, E. Brugallé [3] proved the following corollary.
Suppose E is a smooth rational curve in Z = CP 1 × CP 1 representing the class l 1 + l 2 ∈ H 2 (Z; Z). We need to investigate the composition of the elements of the set
is defined similarly to the above. The following proposition is a higher genus version of [5, Proposition 3.4] .
is empty for a generic configuration x, except in the following situations:
•
Moreover each set of the above four consists of a unique element which is an embedding.
Genus decreasing formula of Welschinger invariants
is a real del Pezzo surface of degree 2 which is real deformation equivalent to a real fiber Z t (resp. Y t ), t ∈ R∆ * , of the 3-unscrewπ :
is a smooth rational (−2)-curve in Z such that (Z, E) is a nodal del Pezzo pair, and R(CP
be a homology class corresponding to a big and nef, L ∪ S -compatible divisor class D ∈ Pic R ( Z t ). Choose x(t) a set of c 1 (X)·d +g−1 real holomorphic sections ∆ → Z such that
) is the set of holomorphic maps f : C → Z t with C a connected algebraic curve of arithmetic genus g, such that f (C) realizes the class d and contains x(t). If Z t and x(t) is generic, it follows from [19, Lemma A.3] that the set C C ( Z t , d, g, x(t)) is finite and composed of irreducible immersed curves. Let C
We knowC is a connected nodal curve of arithmetic genus g such that:
• x(0) ⊂f (C);
• any point p ∈f −1 (E) is a node ofC which is the intersection of two irreducible components C andC ofC, withf (C ) ⊂ Z andf (C ) ⊂ CP 1 × CP 1 ; • if in addition neitherf (C ) norf (C ) is entirely mapped into E, then the multiplicities of intersection of bothf (C ) andf (C ) with E are equal.
Given an elementf :C → Z 0 of C C ( Z 0 , d, g, x(0)), denote by C 1 (resp. C 0 ) the union of the irreducible components ofC mapped into Z (resp. CP 1 × CP 1 ). If in addition that there is no componentC * ofC such thatf (C * ) = lE i in Z with l 2, then the image of the irreducible componentC of C 0 whose image contains p realizes either a class l i or the class l 1 + l 2 , while any other irreducible component of C 0 realizes a class l i .
(1) Iff * [C ] = l i , then the curve C 1 is irreducible with genus g, andf |C 1 is an element of
, where x E =f (C ) ∩ E. The mapf is the limit of a unique element of C C ( Z t , d, g, x(t)) as t goes to 0.
, where x E ⊂f (C 1 ) ∩ E, and α = 2δ 1 or α = δ 2 . In the former case, the curve C 1 either has two irreducible components C 1 , C 1 with g(C 1 ) + g(C 1 ) = g or is irreducible with genus g − 1, andf is the limit of a unique element of C C ( Z t , d, g, x(t)) as t goes to 0; in the latter case, the curve C 1 is irreducible, andf is the limit of exactly two elements of C C ( Z t , d, g, x(t)) as t goes to 0.
Proof. Note that Proposition 3.4 is the algebraic and higher genus version of [5, Proposition 3.7] . From [18, Proposition 2.1] and Proposition 2.5, we can prove the set C C * ( Z 0 , d, g, x(0)) is finite and only depends on x(0) by the standard dimension estimation. Example 11.4 and Lemma 14.6 in [10] implies that no component ofC is entirely mapped into E.
Since
Hence we have the following cases:
(1) The curve C 1 is irreducible with genus g, andf The statement about the number of elements of C C ( Z t , d, g, x(t)) converging tof as t goes to 0 follows from [16, 17] .
Before giving the proof of Theorem 1.1, we recall some definitions of the moduli spaces. If the set x(t) of c 1 (X)·d+g−1 real holomorphic sections ∆ → Z with x(0)∩E = ∅ is chosen such that x(t) satisfies the additional condition (5) . Denote by C( Z 0 , d, L , x(0)) the set {f :C → Z 0 } of limits, as stable maps, of maps in
) which is the set consisting of real elements of (5) and |S ∩ x| = 1 (see Figure 1) . We have
). From Proposition 3.4, we know the curvef |C 1 has four possibilities. Since RE = ∅, we can get that the intersection points of E andf (C) are only conjugated pairs. The existence of real curve in cases (1) and (3) of the proof of Proposition 3.4 requires the non-emptiness of real points of the intersection of E andf (C) (i.e. the point belonged tof (C ) ∩ E). Thus the curve C 1 either has two irreducible components C 1 , C 1 with g(C 1 ) + g(C 1 ) = g or is irreducible with genus g − 1. Condition (5) implies C 1 has non-empty real part. If the curve C 1 has two irreducible components C 1 , C 1 with g(C 1 ) + g(C 1 ) = g, andf :C → Z 0 is a real curve. The two points of intersection off (C ) and f (C 1 ) (i.e. the points belonged to (f (C ) ∩f (C 1 )) ∪ (f (C ) ∩f (C 1 ))) must be a pair of conjugated points. This implies thatf (C 1 ) andf (C 1 ) are two conjugated components which contradicts the non-emptiness of the real part. Thusf (C 1 ) has to be a real element of C(Z,
.f (C ) realizes the class l 1 + l 2 , and the image of any other irreducible component of C 0 realizes a class l i . So each curvef (C 1 ) has k · 2 k−1 possibilities to form a real elementf :C → Z 0 of C( Z 0 , d, L , x(0)), and
.
From the definition of relative Welschinger invariants (see equation (9)), we have
where r = (r 0 , . . . , r g−1 ). We use the convention
From Corollary 2.4, we have (12) is
where
Note that u 1 = 1, u 2 = 4. Let
By Pascal's rule, we have In the following, we will give some computations of higher genus Welschinger invariants.
Example 3.5. Let Y R be a real del Pezzo surface with degree 3 whose real part is homeomorphic to the disjoint union of a sphere S and a real projective plane RP 2 . Let X R be the real surgery of Y R along S . From the classification of real cubic surfaces (c.f. [6, 7, 14, 20] ), we may consider X R as CP In the following, we will compute some genus 1 Welschinger invariants of Y R . In H 2 (X; Z), we may assume:
where D is the pull back of a line in CP 2 not passing the blown up points, and E i , i ∈ {1, . . . , 6} is the corresponding exceptional divisor. The following values are taken from [1, 11] .
Thus we obtain r 0 5 3 1 W Y R ,RP 2 S ,0 (2c 1 (Y), (r 0 , 1)) 36 12 -4 in accordance with the genus 1 real Welschinger invariants of del Pezzo surface of degree 2 calculated by Shustin in [19] . Example 3.6. Let Y R be a real del Pezzo surface with degree 2 whose real part is homeomorphic to RP 2 RP 2 S , where S is a real sphere. Let X R be the real surgery of Y R along S . From the classification of real del Pezzo surfaces, we may consider X R as CP Denote by E 1 , . . . , E 6 the exceptional divisors corresponding to the conjugated pairs, by E 7 the exceptional divisor corresponding to the real point. Let D still be the pull back of a line in CP 2 not passing the blown up points. From Welschinger's wall-crossing formula
we can get the following values. 
Appendix: genus decreasing formula in the symplectic case
In this Appendix, we consider the genus decreasing formula in the symplectic case by using the definition of higher genus Welschinger invariants proposed by E. Brugallé [3, Theorem 3.4 ]. We refer the readers to [3] for more details about the real surgeries along real Lagrangian spheres and the definition of higher genus Welschinger invariants.
Theorem 4.1. Let X R be a compact real symplectic 4-manifold, and S be a real Lagrangian sphere in X R , realizing a class in H An isomorphism of two J-holomorphic maps f 1 : Σ 1 → X and f 2 : Σ 2 → X is a biholomorphism φ : Σ 1 → Σ 2 such that f 1 = f 2 •φ. In the following, maps are always considered up to isomorphism.
Let (X, ω) be a compact symplectic 4-manifold. Assume V = V 1 ∪ ... ∪ V κ is a finite union of pairwise disjoint embedded symplectic spheres with the same self-intersection number Proof. The proof can be divided into two parts: first we prove that the set C (α,β) (X, V, d, g, x, J) contains no element which factors through a non-trivial ramified covering; then we prove the finiteness of C (α,β) (X, V, d, g, x, J).
. . , κ}, the first part of the proof is exactly the same as step 1 of the proof of [3, Lemma 3.1]. We omit it here. Now we consider the case
, . . . , κ}. Suppose that C (α,β) (X, V, d, g, x, J) contains a non-simple map which factors through a non-trivial ramified covering of degree δ ≥ 2 of a simple map f 0 : Σ g → X of genus g . Let d 0 denote the homology class ( f 0 ) * [Σ g ]. By the Riemann-Hurwitz formula, we can get (14) g ≥ δg + 1 − δ.
Combined with equation (14), we have
Furthermore, all inequalities above are in fact equalities. We can get g ≤ 2 since c 1 (
we have c 1 (X) · d = 2 and g = 1 which is excluded by the assumption. If g = 0, we obtain g = −1 which is a contradiction.
Step 2: Suppose that C (α,β) (X, V, d, g, x, J) contains infinitely many simple maps. By Gromov compactness theorem, there exists a sequence ( f n ) n 0 of distinct simple maps in C (α,β) (X, V, d, g, x, J) which converges to some J-holomorphic mapf :C → X. By genericity of J, the set of simple maps in C (α,β) (X, V, d, g, x, J) is discrete. Hence eitherC is reducible, orf is non-simple. Let C 1 ,...,C m ,C 
, κ, and the genus ofC
Since V 1 , . . . , V κ , are embedded symplectic spheres with the same self-intersection [V j ] 2 = c, from adjunction formula, we can get c 1 (
Hence we obtain
From the assumption |x • | > 0, one can get m 1. Since m i=1 g i g, we have the following cases: 
Let π : Z → ∆ be the real symplectic sum of Z R and
Choose an almost complex structure J on Z tamed by ω Z , which restricts to an almost complex structure J λ tamed by ω λ on each fiber Z λ , and generic with respect to all choices we made.
Let
, and L be the degeneration of L as Y R degenerates to X . Denote by
has been defined as the set of irreducible J-holomorphic curves f : Σ g → Z λ of genus g, with f * [Σ g ] = d, and passing through all points in x(λ) (see [3, Section 3.1]). From [10, Section 3], we knowC is a connected nodal curve of arithmetic genus g such that:
Given an elementf :C → X of C C (X , ∅, d, g, x(0), J 0 ), denote by C 1 (resp. C 0 ) the union of the irreducible components ofC mapped into Z (resp. CP 1 × CP 1 ). (2) Iff * [C ] = l 1 + l 2 , thenf |C is an element of C (α,0) (CP 1 × CP 1 , E, l 1 + l 2 , 0, {p} ∪ x E , J 0 ), where x E ⊂f (C 1 ) ∩ E, and α = 2δ 1 or α = δ 2 . In the former case, the curve C 1 either has two irreducible components C 1 , C 1 with g(C 1 ) + g(C 1 ) = g or is irreducible with genus g − 1, andf is the limit of a unique element of C C (Z λ , ∅, d, g, x(λ), J λ ) as λ goes to 0; in the latter case, the curve C 1 is irreducible, andf is the limit of exactly two elements of C C (Z λ , ∅, d, g, x(λ), J λ ) as λ goes to 0. 
